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Epidemics and the Logistic Model 

3/16/2020. Luis F. Moreno, Professor Emeritus, Mathematics, SUNY Broome Community College. 

Certai  thi gs have bee  k ow  si ce arou d the 1830’s about how orga isms reproduce a d spread i to 
a  available e viro me t as a fu ctio  of time. I hope you will add this to your k owledge about the curre t 
epidemic (a d co versely, please add to it). 

A populat on is a y group of i terest to the scie tist at a certai  time. It ca  be the  umber of locusts at 
time t i  a  i festatio , or the group of people i fected at time t by the latest virus, or the  umber of bacteria at 
t i  a si gle perso . A curve that gives a good model for these processes is the logistic or Verhulst equatio  
(Pierre Verhulst, 1804-1849, et al.). Such curves ca  look like these, depe di g o  three i depe de t 
parameters: 
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The X axis is time, measured i  whichever u its are appropriate: hours for bacteria i  a Petri dish or i  
your body, days for a  epidemic or a locust i festatio , or years for the spread of deer. I  all cases, the vertical 
axis is P(t), the  umber of members i  the populatio  of i terest (bacteria cou t,  umber of people i fected, 
deer cou t). I  the case of epidemics, the logistic model cou ts the total  umber of i fected subjects at a y 
time t, assumi g that  o o e is cured a d the  rei fected. 

I  all cases of the model, the populatio  eve tually levels off, i.e., P(t) becomes practically co sta t after 
some time. This co sta t is called the carry ng capac ty of the e viro me t, M (for "maximum"). I  graph A, 
it looks like M = 1000. The other graph shows a carryi g capacity of about 850, practically reached after about 
time t = 3. M is o e of the parameters of the model, a d we may say that P(t) "reaches" M, although it ca  
equal M o ly after i fi ite time (it is a  asymptote). 

It is importa t to  ote that the popularly hoisted "expo e tial growth" is a poor model for a y livi g 
thi gs. This is because it has  o carryi g capacity. Thus, the populatio  has  o bou ds! If bacteria could 
i crease expo e tially, i  a relatively short time they would cover the e tire Earth i  a layer miles thick, a d it 
still would ’t stop. Clearly, this model is very limited. O ly for times close to zero is expo e tial growth a 
te able model. 

The carryi g capacity of the e viro me t is affected by ma y thi gs. I  the case of a  epidemic, it is 
reached whe  everyo e i  the e viro me t has bee  i fected. The e viro me t may be a  ursi g home, or a 
cou try, or the world. I  all sce arios,  o  ew i fectio s occur whe  M is reached. 

A other parameter is the  n t al populat on P0, i.e., the populatio  at time t = 0. I  a  epidemic caused 
by a  ew strai  of virus, P0 is the  umber of subjects i fected at the start of record keepi g, so P0 is o e or 
more. I  model B above, P0 = 10 (maybe the first 10 locusts that flew i ). I  model A, P0 = 120. 

The third parameter, ofte   amed r, affects the steep ess or slope of the logistic curve. We will o ly use 
positive r, a d of the two models above, A has the smaller r. For epidemics, we ca  call it the v rulence. 
Model B shows a pathoge  that reached its carryi g capacity i  u der three days (or weeks, etc.), starti g with 
just 10 subjects. That’s more virule t tha  model A. 
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The ge eral formula for the logistic model is 
P0M 

P(t) = , 
P0 + (M − P0 )e −rt 

120(1000)
where we see the three parameters, a d the o ly variable is time t. Logistic model A is P(t) = . 

−0.9t120 + 880e 
By compariso  with the ge eral formula, o e ca  see that r = 0. 9, P0 = 120, a d M = 1000. Logistic model B 

10(850)
is P(t) = (with higher virule ce). 

−3.73t10 + 840e 

Applying the Model 
The outbreak i  mai la d Chi a has bee  tracked by Joh s Hopki s U iversity at this site: 

https://gisa ddata.maps.arcgis.com/apps/opsdashboard/i dex.html#/bda7594740fd40299423467b48e9ecf6 

The data poi ts for the graph below are from that site. The X axis is the  umber of days si ce day zero, Ja . 20, 
2020. O  that day, 278 cases were reported. We ca  see the carryi g capacity at 81000 cases. 

The CDC as of March 9 said, "For the majority of people, the immediate risk of bei g exposed to the virus that 
causes COVID-19 is thought to be low. There is  ot widespread circulatio  i  most commu ities i  the U ited 
States." So, we are u certai  of the value of r. 
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COVID-19 i  Chi a. Joh s Hopki s data. 

P0M 
Here, the logistic model P(t) = has P0 = 278, a d M = 81000. A  r = 0. 231 gives a

−rt P0 + (M − P0 )e 
proper rise to the curve. Fi ally, a leftward shift produces a good fit to the data poi ts: 

P(t) = 
278(81000) 

is the curve you see. O e also sees a systematic u derreporti g error arou d 
−0.231(t+5.5)278 + 80722e 

day 19, which was corrected o  day 24. (A other slight shift could also be made so that the curve crosses 
through the i itial 278 value.) 

Now let us look at CDC data for cumulative cases i  the U.S., as of 3/16. Day zero was Ja . 14, 2020, with 
two i fected subjects. The data is from 

https://www.cdc.gov/coro avirus/2019- cov/cases-updates/cases-i -us.html?CDC_AA_refVal=https%3A%2F%2Fwww.cdc.gov%2Fcoro avirus 
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COVID-19 i  U.S. CDC 3/16/2020 

Below, we see the cumulative cases for New York, begi  i g at day zero March 1, 2020, with o e i fected 
subject. (Source: New York State) 
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COVID-19 i  N.Y.S. 3/16/2020 

Neither of these graphs is approachi g a carryi g capacity M, yet. It is too soo  to predict its value i  either 
case, but it is surely there. Also, the virule ce r is lower for the  atio al data, compared to New York’s data. 

Observations and Conclusions 
(1) The reaso  Verhulst’s model is so flexible is that a scie tist ca  cha ge its three parameters accordi g to 
available data. But this is also why it ca  lead to erro eous co clusio s. If the data is i complete or  ot 
statistically represe tative, the  the parameters will be far from true. Applied mathematics i terprets reality, 
but it ca  ot create truth from falsehood. O  the other ha d, whe  the model is judiciously applied, it is just 
as releva t today as 180 years ago, whe  Verhulst first published it. Does it apply here? I thi k so. But we 
 eed good values for M a d r. 

I  the ha ds of scie ce, e gi eeri g a d tech ology, mathematics creates beautiful ge eralizatio s. This 
o e model u ifies the phe ome a of the spread of real viruses, the spread of malicious codes aptly  amed 
"viruses," a d a  expa di g wolf populatio  i  Yellowsto e Park. 

(2) At no t me should expo e tial growth be co sidered. Other terms for it are "geometric progressio ," 
"geometric growth," a d "the hockey stick curve." These are esse tially fake  ews i dicators. 

(3) The curre t epidemic will eve tually reach its carryi g capacity, whatever that is. Gover me t actio s, 
i cludi g vacci atio , quara ti e, will lower the rate r for the curve i  the model. The public perceptio  will 
be that the virus will i evitably leak out of a y co tai me t like sa d goi g through a sieve, but that effective 
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pla  i g will make the holes i  the sieve smaller, buyi g time. This is very importa t to hospitals a d health 
care professio als i  ge eral. 

(4) Mai stream media has little patie ce for this level of a alysis. Reporters should at least poi t to 
refere ces. Wikipedia is excelle t i  these ve ues. The media should e gage epidemiologists who are willi g 
to give a prese tatio  about these fu ctio s a d models. Substa tial discussio s should ’t be relegated to 
TED talks i  times like these. 

(5) There are more adva ced models, for i sta ce, o es that allow for the e tra ce of vacci es, so that M 
may cha ge. O e ca  also go back to the drawi g board a d  ot assume that r is a co sta t, allowi g it to 
vary with time. There are but few "free lu ches" i  mathematics. As always, the more realistic the model, the 
harder it becomes to work with. 

(6) I have  ot used statistical fitti g for the Chi a data yet, because I wa ted to look at the origi al 
mathematics upo  which later statistical models rely. I am co fide t that the results will agree well. 

(7) I  the example below, Bianco  esearch i  late Ja uary prese ted data from Chi a a d proceeded to 
model it by expo e tial growth. The i evitable co clusio : by February 20, they expected 138 millio  
i fected subjects. This is a classic case of good data fed i to a miserable model. Expo e tial growth models 
should be used o ly i  calculus classes for pedagogical purposes (with appropriate caveats), a d  ever by 
jour alists. 

Bianco  esearch 1/28/2020 

The growth i  coro avirus i fectio s has co ti ued alo g a geometric progressio  for the last 12 days [1]. Should it co ti ue alo g 

this path, i fectio  cases could approach 100,000 i  a week. 

The followi g charts were co structed from the daily update from the Natio al Health Commissio  of the People’s Republic of 

Chi a. The blue li e i  the chart below shows the actual  umber of reported coro avirus cases sta ds at 4,515 as of Ja uary 27. The 

ora ge li e is a simple progressio  that assumes a 53% i crease i  the cases every day. Or, o e perso  i fects 2 to 2.5 people. So it is a 

simple multiplier,  othi g more. This is k ow  as R0 (R-Naught), or the i fectio  rate. Note the chart is a log scale. The reported 

 umber of i fectio s perfectly track this simple multiplier. This is how viral i flectio s growth, alo g a geometric path.[2] The chart 

below shows that the virus has tracked this growth rate 12 straight days. If this track is  ot altered, the  umber of reported cases will 

top 16,000 by Friday. To ma y, such a geometric progressio  is alarmi g... 

As the ora ge li e below shows, this type of growth rate would suggest 80,000+ i fectio s  ext Mo day a d 138 millio  by 

February 20... To be absolutely clear, this is NOT a predictio  that 100 millio  people will be i fected by Feb 20.[3] Rather, this has 
[4]bee  its growth rate for the last 12 days. A vacci e, mutatio  or successful quara ti e/isolatio  could help reduce this growth rate. 

Is this growth rate possible? Over the  ear-term yes. 
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[1] This is the assumptio  for expo e tial growth. 

[2] They have falle  for the expo e tial model. 
0.419t[3] They are  ow realizi g that this is crazy. The expo e tial model that fits the data is y = 45e , where t 

is the  umber of days after 1/16/2020. But it is o ly good for the time period withi  the chart. O  February 20, 
35 days after 1/16, this model predicts 105 millio  i fected subjects! (I do ’t k ow how they got 138 millio .) 

[4] Or, try a better model... 
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